Abstract. Let E be an elliptic curve over a global field of positive characteristic. Let r be the order of zero at s = 0 of the Hasse-Weil L-function with bad factors removed. The Parshin conjecture on the vanishing of higher rational Ktheory of projective smooth schemes over finite fields implies dim
Introduction
Let C be a connected projective smooth curve over a finite field. Let E → C be an elliptic surface, that is, a proper, flat, generically smooth morphism from a regular scheme E to C such that for almost all closed points ℘ of C, the fiber E × C ℘ is a genus 1 curve. Let E denote the generic fiber of E.
For a closed point ℘ of C, let κ(℘) be the residue field at ℘ and E ℘ = E × C Spec κ(℘) be the fiber at ℘. Let us identify the K-theory and the G-theory of regular noetherian schemes. There is a localization sequence of G-theory:
where ℘ runs over all closed points of C.
We use the subscript − Q to mean − ⊗ Z Q.
Theorem 1.1. Let the notations be as above. Then the homomorphism
Let n be a positive integer. The Parshin conjecture says that K n (X) Q = 0 for any smooth projective variety X over a finite field. The validity of the conjecture in particular implies that K 1 (E) Q = K 2 (E) Q = 0, hence that the homomorphism in Theorem 1.1 is an isomorphism. One can compute exactly the target space when E is an elliptic curve (see Lemma 2.2).
During this research, the first author was supported as a Twenty-First Century COE Kyoto Mathematics Fellow, by World Premier International Research Center Initiative (WPI Initiative), MEXT, Japan, and was partially supported by JSPS Grant-in-Aid for Scientific Research 17740016. The second author was partially supported by JSPS Grant-in-Aid for Scientific Research 16244120.
Let E be an elliptic curve over a global field k of positive characteristic. The first author's principal motivation was to prove the following corollary, which we will deduce from Theorem 1.1 in Section 11 by taking C to be the projective smooth curve over a finite field whose function field is k and E to be the flat proper regular minimal model of E over C. For a finite set M , we let |M | denote the cardinality of M . Corollary 1.2. Let S be the set of primes of k at which E has split multiplicative reduction. Then dim Q K 2 (E) Q ≥ |S|.
Let L
S (E, s) denote the Hasse-Weil L-function of E with the local factors at the primes in S removed. Then Corollary 1.2 gives a relation between the rank of K 2 (E) and the L-function L S (E, s), since the order of zero at s = 0 of L S (E, s) is equal to |S|.
The analogue of Corollary 1.2 over number fields is that the rational rank of the K-group is greater than or equal to |S| + [k : Q] (see Section 1.2, p. 62] ). It is a consequence of (a strong form of) Beilinson's conjectures, and is not yet proved. Bloch and Grayson give a method ) for constructing elements in K 2 such that the image under the boundary map is not trivial, but one requires the condition that the image of Gal(k/k) → l End Z (T (E(k))) (where k is the separable closure of k and runs over all primes) is small. Hence their method is not applicable in general.
As an application, we see that there exists an elliptic curve over a global field of positive characteristic with arbitrarily large rational K 2 .
Corollary 1.3. Let k be a global field of positive characteristic. Then for any integer n ≥ 0, there exists an elliptic curve E over
We have another application of Theorem 1.1. From the theorem, we infer that the cokernel of ⊕∂ ℘ is torsion. We show in our forthcoming paper that the torsion group is a finite group, and that the order is explicitly determined when E → C is non-isotrivial and has a section.
To prove Theorem 1.1 we use modular parameterizations of E by Drinfeld modular curves and the analogue of Beilinson elements, constructed in [Ko-Ya] , for Drinfeld modular curves. The key idea is that, for every place ℘ at which the elliptic curve has split multiplicative reduction, one has a modular parametrization of E by a Drinfeld modular curve where ℘ plays the role of the archimedean place of Q, and hence one has an analogue of Beilinson elements for every such ℘. The linear independence of the elements amounts to the integrality of the elements.
The sections are organized as follows. Sections 2 and 3 do not depend on other sections. The output are Proposition 2.1, Lemma 2.2 and Proposition 3.1. The theme of these two sections is to compare the G-group of the special fiber (resp. the boundary map from the generic fiber) and theétale cohomology of the generic fiber (resp. the Chern class map). Sections 4, 5, and 6 compute the moduli of Drinfeld modular curves. Recall that there is an analogy between the moduli of elliptic curves and the Drinfeld modular curves. The analogous statements given in these three sections (see the next paragraphs for the contents) are well known for the case of elliptic modular curves. We supply the proofs for our Drinfeld modular case since we were not able to find a good reference. The results of these three sections will be used in Section 7. Sections 7, 8, 9 , and 10 contain the Drinfeld modular analogue of the work of Beilinson ([Be] , see also the book [RSS] ). We refer to the introduction in Section 7 for a very short paragraph on Beilinson's result. Section 11 contains the idea which does not have an analogue in the number field case, namely to vary the modular parametrizations to construct (many) elements in the rational K 2 of the elliptic curve.
We give the contents of each Section below. The reader is referred to the beginning of each Section for more technical details.
In Section 2, we compute the target group of the homomorphism ⊕ ℘ ∂ ℘Q of Theorem 1.1. If one is interested only in the minimal model, the proof is easy (we refer to ). The reader may read only the statements of Proposition 2.1 and Lemma 2.2 and skip the proof.
Section 3 contains Proposition 3.1. This is a rather technical statement, and the proof is again a lot of diagram chasing in (co)homology theories. We explain how Proposition 3.1 will be used. The main ingredient for the proof of Theorem 1.1 is Lemma 8.1, which is stated in terms of the regulator (which is close to the boundary map to the special fiber). We use Proposition 3.1 to convert it to the statement solely in terms of generic fiber, that is, in a "model free" manner. The reader may skip the technical details of this section.
In Section 4, we construct what is called the determinant morphism. This is a morphism from the moduli of Drinfeld modules of rank d to that of rank 1. The only case of our interest is the case d = 2; this may be regarded as the analogue of the morphism obtained from the Weil pairing in the case of ellitpic curves. Although we do not construct the actual pairing, we mention that the construction of the analogue of the Weil pairing for Drinfeld modules have been done by Hamahata [Ha] for the rank two Drinfeld modules over the base ring A = F q [t] using the theory of t-motives, and by van den Heiden [vdHe] for general rank over the general base A using the theory of A-motives. We also give the details on the uniformization of the moduli space using elliptic sheaves. See the beginning of the section for more information.
In Section 5, we give the details on an analogue of Deuring's theory on supersingular elliptic curves for Drinfeld modules of rank two. The essential part of the results is due to Drinfeld; there are also papers [Gek4] , [Gek5] , [Gek3] by Gekeler. The output of this section are the isomorphism (5.4) and Proposition 5.4. We describe the set of supersingular points as a double coset space by introducing a quaternion algebra (obtained from the endomorphism ring of a supersingular Drinfeld module). The statements are standard in the case of moduli of elliptic curves; the reader who is familiar with them may skip the details of this section.
In Section 6, we describe the reduction modulo a prime of Drinfeld modular curve. Analogous statements for elliptic modular curves are found in the book [Ka-Ma] . We give the details for we were not able to find them in the literature.
In Section 7, we prove the integrality of certain elements in the K 2 of Drinfeld modular curves. This section is the function field analogue of Section 7, .
The aim of Section 8 is to quote a theorem in our other paper [Ko-Ya] . In the course, we describe the Bruhat-Tits building (which is closely related to the Drinfeld symmetric space) and a "regulator" map (which is a map from the Kgroup of the moduli space to the space of automorphic forms). Lemma 8.1 roughly says that there exists a subspace in the rational K 2 of the Drinfeld modular curve which maps surjectively to the space of harmonic cochains.
In Section 9, we apply Lemma 8.1 and prove Proposition 9.1. This roughly says that there exists a certain subspace in the rational K 2 of the compactified Drinfeld modular curve.
In Section 10, we recall the modular parametrization of an elliptic curve over a function field by a (compactified) Drinfeld modular curve. We apply this (Section 11.1) to construct certain elements in the rational K 2 of the elliptic curve from the elements in the rational K 2 of the compactified Drinfeld modular curve of Section 9.
In the final Section 11, we give proofs of Theorem 1.1 and Corollaries 1.2 and 1.3.
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The rational G-group of the reduction
The aim of this section is to compute the target space of the homomorphism ⊕ ℘ ∂ ℘ Q in Theorem 1.1. When E is an elliptic curve, i.e., when the canonical morphism E → Spec k has a section, the result is Lemma 2.2. This will only be used in Section 11.1. For the proof of Lemma 2.2, we use Proposition 2.1. This will turn out to be useful in the proof of Lemma 11.2.
The result (Lemma 2.2) is very simple but the proof is long. If one is to assume that the model E is a minimal model, then the computation is easy, since the rank of the rational G 1 is then equal to the rank of the first homology of the dual graph (see ). The reader interested only in the minimal model case may skip the entire section.
2.1.
We give a proof of the following proposition in Sections 2.1.1-2.1.5.
Let S be the spectrum of a henselian discrete valuation ring whose residue field is a finite field of characteristic p. We denote by s (resp. η) the closed (resp. generic) point in S. Let X → S be a proper flat morphism from a regular scheme X to S such that the generic fiber X η is a smooth curve over η. Let X s = X × S s denote the special fiber. Let l be a prime number different from p. Proposition 2.1. Let the notations be as above. We have
denote the reduced scheme associated with X s . It is known that the pushforward map of the canonical closed immersion Y → X s induces an isomorphism of G-theory. In particular, we have G 1 (Y )
sing denote the smooth locus and the singular locus with the reduced scheme structure of Y respectively. Let
We have a commutative diagram
where the two squares are cartesian. Note that g sm is an isomorphism and that Y is a (not necessarily connected) smooth curve.
2.1.2.
We obtain a commutative diagram:
where ∂ e Y and ∂ Y are the boundary maps in the localization sequence. The restriction map (1) is injective since the G 1 of a finite field is torsion. We will compute the dimension of the kernel of ∂ Y by comparing withétale Borel-Moore homology.
Let f Y : Y → s and f
e Y : Y → s denote the structure morphisms. Let be a prime number prime to p. Let F be a constructibleétale Q -sheaf on s. In the derived category of complexes ofétale Q -sheaves with bounded constructible cohomology on Y and on Y , we have distinguished triangles
The rows are obtained from the triangles above by applying f Y * and f e Y * respectively. Using base change, we see that f
We define the vertical arrows to be those induced from the trace g * g ! → Id, so the diagram is commutative. We define the Borel-Mooreétale homology group of a scheme X of finite type over s to be H
where f X is the structure morphism and F is a constructibleétale sheaf of Z/l n -modules on s (see [Ja-Sa, p.488, Example 2.2(a)]). As the rows of the diagram above induce the localization sequence and the vertical arrows induce the pushforward maps (see loc. cit.), we obtain the following commutative diagram:
1)) = 0, the map (2) is injective.
3.2.
Let R denote the ring of global sections of the sheaf of total quotient rings
1)) be the homomorphism supplied by the Kummer theory
Proof. Note that, since the residue field of a closed point Y is a finite field, the group G 1 (y) is finite for each closed point y of Y . This implies that the canonical homomorphism j :
Let Y be the normalization of Y , and let Div( Y ) denote the group of divisors on Y . Since the homomorphism div : R × → Div( Y ), which sends f ∈ R × to the principal divisor div(f ), has a finite kernel and the group Div( Y ) is a free abelian group, the intersection n (R × ) n must be finite. Hence the homomorphism c 1,1,Q is injective. The claim is proved.
Let us consider the exact sequence
Let Y sing denote the singular locus of Y equipped with the reduced scheme structure. Let
, where the first map is the pullback map, the second map is the isomorphism in [Gi, p.235, Theorem 3.1] , and the third map is the pullback map. 
). The weight argument shows that the group H 2 et (Y, Q (2)) is zero. Hence the homomorphism ∂é t is injective.
Let Z ⊂ Y be a closed subscheme of dimension zero. Consider the exact sequence
Since X is regular, the absolute purity theorem (cf. [Th, Corollary 1.10 3.4. Proof of Proposition 3.1. Let K denote the ring of global sections of the sheaf of total quotient rings of O X . Let j : K 2 (X η ) Q → K 2 (K) Q be the pullback homomorphism. We have the following commutative diagram
) where the maps ∂ K,Q and ∂ K,ét are (the limit of) the maps in the localization sequence of G-theory andétale cohomology respectively.
Let )) is commutative. From the two commutative diagrams above, we obtain the equalities
). Using Lemmas 3.2 and 3.3, the claim of Proposition 3.1 is proved.
Elliptic sheaves and the determinant morphism
When Katz and Mazur compute the bad reduction of elliptic modular curves in their book [Ka-Ma] , they use extensively the Weil pairing ([Ka-Ma, p.87, (2.8)]) associated to an elliptic curve. Actually they use the morphism from the elliptic modular curves to the spectrum of a ring of cyclotomic integers, which is induced by the Weil pairing (see p.281, 9.4 .1]).
The aim of this section is to provide an analogue for Drinfeld modular curves. For this, we do not give the actual pairing for Drinfeld modules, but construct what we call the determinant morphism from the moduli of rank d Drinfeld modules to the moduli of rank 1 Drinfeld modules (Section 4.4). The rough idea is to send a Drinfeld module of rank d to its "determinant Drinfeld module", that is, a maximal exterior power. In the case of rank 2, this may be understood as the morphism induced from the Weil pairing. For application, we only need the case of rank 2, but since the exposition does not become simpler even if we restrict to the rank 2 case, we give the construction in the case of general rank.
There are at least two ways of understanding the notion of the determinant of a Drinfeld module. One is to use the theory of A-motives of Anderson and the other is to use the theory of elliptic sheaves. The category of A-motives, which contains the category of Drinfeld modules, is equipped with a tensor structure. This direction is pursued by van den Heiden [vdHe] . See his introduction for the details.
We use elliptic sheaves in this article. This notion is equivalent to that of Drinfeld modules (see [Dr3] , Theorem 3.2.1, p. 149] ). An elliptic sheaf is by definition a vector bundle with some additional structure, and one expects the determinant vector bundle to be equipped with the structure of an elliptic sheaf of rank 1. This is indeed the case (Lemma 4.3) and gives rise to the desired morphism. An advantage of using elliptic sheaves is that they are equipped with certain canonical structure at the infinity prime. This is helpful when giving the adelic description (using the uniformization of the moduli space) of the determinant morphism.
In Section 4.1, we recall the basic properties of Drinfeld modular varieties. Via the equivalence of the category of elliptic sheaves and the category of Drinfeld modules, we regard them as the properties of the moduli of ellitpic sheaves. We recall the definition of elliptic sheaves and its level structures in Section 4.2.1. In section 4.3, we recall the uniformization of Drinfeld modular varieties. For Drinfeld modular varieties, this has been given in the original paper by Drinfeld. For the moduli of elliptic sheaves, the statement is given in p.167, Theorem 4.3.5] . We give the details. In particular, the explicit construction of the morphism α d (Section 4.3.3) is given. This will be needed in the proof of Proposition 4.5. Section 4.4 is devoted to the construction of the determinant morphism. Using the moduli interpretation, we obatain the morphism only over C \ (Spec(A/I) ∪ {∞}) (we refer to the text for notation). Then the regularity of the moduli will give a unique extention to the morphism over C \ {∞} (Section 4.4.2).
The results of this section will (directly) be used only in Sections 6.1 and 9.3. In Section 6.1, we will need that the field of constants of the modular curve M 2 I is the coordinate ring of M 1 I . The structure morphism is precisely given by the determinant morphism. In Section 9.4, we use the uniformization of modular varieties (Section 4.3.4, (4.2)).
We mention that the first work in the actual construction of (the analogue of) the Weil pairing is by Hamahata [Ha] for the base ring A = F q [t] (see below for notation) and for Drinfeld modules of rank two using the theory of t-motives. Van den Heiden [vdHe] also constructs the pairing for general A and for Drinfeld modules of general rank using the theory of A-motives. We have not pursued if their constructions give a morphism of moduli spaces. 4.1. Setting. Let C be a projective smooth geometrically irreducible curve over a finite field F q of q elements of characteristic p. For a closed point ℘ ∈ C, let κ(℘) denote the residue field at ℘. We fix a closed point ∞ ∈ C. Let A = H 0 (C \ {∞}, O C ) denote the coordinate ring of C \ {∞}. We let k = F q (C) denote the function field of C. For a prime ℘ of k, we let k ℘ denote the completion of k at ℘. We regard a prime of k as a closed point of C and vice versa. If ℘ = ∞ we denote by the same symbol ℘ the prime ideal of A corresponding to ℘. Then the ℘-adic completion A ℘ of A is equal to the ring of integers of k ℘ . We let O ∞ denote the ring of integers of k ∞ .
Let d be a positive integer. Let I ⊂ A be a non-zero ideal. We let M 
* E i , where Frob S denotes the endomorphism on S which is the identity on the underlying topological space of S and which is the q-th power endomorphism on the structure sheaf of S. The following conditions should hold.
(1) For each i the following diagram is commutative:
(2) For each i there exists an isomorphism
where
is the canonical embedding. (3) The direct image of E i+1 /j i (E i ) under the projection to the second factor pr S : C × Spec Fq S → S is a locally free O S -module of rank one. (4) For each i ∈ Z, the cokernel Coker t i is supported on the graph of a morphism ι i : S → C over Spec F q , and is the direct image of a locally free module on S of rank one by the morphism S 
Level structure.
Let I ⊂ A be a nonzero ideal. Let S be a scheme over C \ Spec (A/I). Let (E i , j i , t i ) i∈Z be an elliptic sheaf of rank d over S. The morphisms j i for i ∈ Z identify the restrictions E i | Spec (A/I)× Spec Fq S . The homomorphism t 0 induces
such that the composite from Nilp to the category of sets as follows. Here Nilp denotes the category of commutative O ∞ -algebras R such that the image of π ∞ in R is nilpotent.
For an object R in Nilp, we denote by Frob R the q-power endomorphism of R. For a finitely generated O ∞ -module M and an
Let R be an object of Nilp. Then Ell (d) (R) is the set of isomorphism classes of sequences (Λ i , t i ) i∈Z whose descriptions are given below:
where the second morphism is the canonical closed immersion.
• For each i, the quotient Λ i /Λ i+1 , regarded as an R-module via the canonical homomorphism R → O ∞ ⊗ Fq R which sends r ∈ R to 1 ⊗ r, is locally free of rank one.
• For each i, the cokernel of t i is supported on the graph of a morphism
, this homomorphism equals the structure morphism Spec R → Spec O ∞ . Here g denotes the genus of C.
• Each Coker t i , regarded as an R-module via the canonical homomorphism R → O ∞ ⊗ Fq R which sends r ∈ R to 1 ⊗ r, is locally free of rank one.
Let
. For a formal scheme F over Spf O ∞ on which the group GL d (k) acts from the left, we define the formal stack
as the quotient of the product
If we regard F as a covariant functor from Nilp to the category of sets, then the formal stack
is the category fibered in groupoids over the category Nilp op whose description is given as follows:
Here F × Spf O∞ Spec R denote the product of F and the covariant functor represented by R from Nilp to the category of sets, which we regard as a scheme over Spec R, and
• For two objects (R, Q, α),
We will use the notation introduced in this paragraph only for F = Ell 
) of formal stacks. We use the following notation. For a projective A-module P of finite rank, we denote by P the locally free O Spec A -module of finite rank corresponding to P . For two schemes X, S over Spec F q , we denote by X × S the fiber product X × Spec Fq S.
Let R be an object in Nilp. We construct a map of R-valued points. Let E = (E i , j i , t i ) i∈Z be an elliptic sheaf over S = Spec R with a level I structure. The restriction E i | (Spec A)×S does not depend on i in the sense that the injection [St, §3, Proposition1, p. 508] , there exists a projective A-module P = P E of rank d such that the contravariant functor Q E from the category of schemes over S to the category of sets which associates, to a scheme T over S, the set of isomorphisms
is commutative, is representable by anétale left Aut A (P )-torsor over S. Here the symbol | (Spec A)×T denotes the pullback to (Spec A) × T .
We fix an isomorphism µ = µ E :
Let T = Spec R be a connected affine scheme over S and let ψ ∈ Q E (T ). (Note that R is then an object in Nilp.) For each i ∈ Z, let us consider the completion of the pullback of
and t ψ,i :
(R ). Suppose that the level I structure on the elliptic sheaf (E i , t i , j i ) i∈Z is given. Via the isomorphism ψ, this level structure gives an isomorphism
Since T is connected, to give such an isomorphism is equivalent to giving an isomorphism ι ψ : P/IP ∼ = (A/I) ⊕d of A-modules. 
is supplied by the right multiplication by g ψ,℘ (here we regard k ⊕d ℘ as the space of row vectors). Then class of the element (
We define the Aut
× Spec R) which does not depend on the choice in the sense that for two isomorphisms
is commutative. We define the morphism α d as the morphism induced by the functor
Using the argument in the proof of [St, §3, Theorem 2, p. 514] (where the level structure is not considered), one can prove that α d is an isomorphism. 
where the isomorphism is given by the composition of the isomorphism α d and the isomorphism between Ω (d) and Ell
(Recall the convention in Section 4.3.2). Here
an denote the rigid analytic space associated to X. By taking the generic fiber in the sense of Raynaud of both sides of (4.1), one obtains the uniformization of analytic Drinfeld modular varieties (cf. [Dr1] , [Bl-St, Remark 4.3.1 ii), p. 166, Theorem 4.3.5, p. 167]):
The determinant morphism.
In this section, we construct what we call a determinant morphism.
Let I
A be a non-zero ideal. Let S be a scheme over C \ Spec (A/I). Given an elliptic sheaf (E i , t i , j i ) i∈Z over S of rank d with a level I structure ι :
Spec (A/I)× Spec Fq S , we define its determinant elliptic sheaf to be the triple (F i , t i , j i ), where F i is the exterior power
which is an invertible O C× Spec Fq S -module, and t i and j i are the homomorphisms
Proof. We need to check Conditions (1)- (5) in Section 4.2.1 for (F i , , t i , j i ) i∈Z . Condition (1) follows from the functoriality of exterior power operations. Conditions (3) and (4) follow from Lemma 4.4 below. Condition (5) follows since the highest exterior power operation does not change the degree of locally free sheaves. Hence it remains to check Condition (2).
Let us give a proof that
We may assume that S is connected and is of finite type over Spec A. By Conditions (2) and (3) in the definition of elliptic sheaves, the scheme {∞} × S decomposes into a disjoint union
S j of deg(∞) connected components, and for each i the O C× Spec Fq Smodule F i+1 /j i (F i ) is the direct image of an invertible module on S ji for some j i . By Conditions (3) and (4) in the definition of elliptic sheaves, the map t i
Lemma 4.4. If f : E → E is a homomorphism of locally free sheaves of rank d on a scheme T such that Coker f is isomorphic to the direct image of an invertible sheaf on a closed subscheme T ⊂ T , then the cokernel of the homomorphism
Proof. It suffices to prove the case where T = Spec R is the spectrum of a commutative local ring R, and T is the closed point of T . Let f : R ⊕d → R ⊕d be an R-linear endomorphism which is expressed by a d × d matrix F . Suppose that the cokernel Coker f of f is generated as an R-module by at most one element. The claim is that Coker f is isomorphic to R/(det F ).
Let e ∈ R ⊕d be an element in the preimage of a generator of Coker f under the quotient map
. . , e d be the standard basis of R ⊕d . It follows from Nakayama's lemma that there exists an integer i ∈ {1, . . . , d} such that R ⊕d is generated by e and {f (e j ) | j = i}. Let h : R ⊕d → R ⊕d be the endomorphism which sends e i to e and sends e j to f (e j ) for j = i. Then h is surjective.
Let m ⊂ R denote the maximal ideal. Because h is an isomorphism modulo m, its determinant is non-zero modulo m which means that det(h) is invertible. This implies, using Cramer's rule, that h is an isomorphism.
Hence 
Using the isomorphism which sends the element (
The correspondence, which takes an elliptic sheaf to its determinant elliptic sheaf, gives rise to a morphism [EGAII, (6.3.9) , p. 119]. We call the morphism w the determinant morphism. 4.5. Adelic description of the determinant morphism. Let d be a positive integer. Since X 1 is a point, there exists a canonical morphism
where the last map r is the one induced by the determinant homomorphism det :
Proposition 4.5. The morphism r in (4.3) is bijective. The morphism r in (4.3) is compatible with the determinant morphism
is commutative. Here, by abuse of notation, we let w denote the analytification of the base change to k ∞ of the determinant morphism w. The horizontal isomorphisms are those of (4.2).
Proof. The surjectivity of r is clear. To show the injectivity, let X 1 = {x} and suppose that r (
I,∞ be the morphism of formal stacks over Spf O ∞ induced by the morphism w C\Spec (A/I) . We will show that the following diagram
where the horizontal maps are the isomorphisms given in (4.1) and the right vertical map r is the one induced by det :
, is commutative. Then by taking the generic fiber in the sense of Raynaud, we obtain the commutativity of the diagram (4.4). Since the isomorphism (4.1) is obtained as the composite
where the second isomorphism is the one induced by the isomorphism Ell
which we have explained in Section 4.3.4, the claim follows from Lemma 4.6 below.
Lemma 4.6. The following diagram of formal stacks is commutative:
).
Here the right vertical map is the one induced by det :
Proof. Let R be an object in Nilp. It suffices to prove that the diagram
of groupoids is commutative up to functorial isomorphisms. Let y be an object in
and µ E be as in Section 4.3.3. We can take P F and µ F so that
. By the definition of the matrix g ψE ,℘ , the composite
is supplied by the multiplication by det g ψE ,℘ . Hence we see from the description of the isomorphism α d given in Section 4.3.3 that the image of z under
× Spf O∞ Spec(R)) characterized by the following property: for each connected affine scheme T = Spec R over Spec R and for each ele-
(R ). This proves the claim.
Deuring's theory for Drinfeld modules of rank two
The main goal of this section is to construct an isomorphism (5.4), and to prove Proposition 5.4. They are the only results to be used in other sections.
Deuring's theory for elliptic curves applies to the Drinfeld modular context. (We refer to the introduction in [Gek3] for the historical account including the case of Drinfeld modules.) This gives a description of the category of supersingular Drinfeld modules of rank two in terms of the category of left O-modules, where O is the endomorphism ring of a supersingular Drinfeld module.
As a consequence of the equivalence of categories (Proposition 5.1), we obtain the isomorphism (5.4), describing the set of supersingular points as a double coset space. This gives rise to an action of the non-(℘, ∞)-part GL 2 (A ℘,∞ ) of the adeles. On the other hand, there is a natural action of GL 2 (A ∞ ) coming from the action on the moduli spaces as described by Drinfeld. We show in Proposition 5.4 that the two actions on the set of supersingular points are compatible.
The story is classical but we were not able to find a written account of this material. We think it is necessary to give the details when one is to check the compatibility of the actions (Proposition 5.4).
In Section 5.1, we recall the definition of Drinfeld modules for completeness. Section 5.2.1 is devoted to Deuring's theory (Proposition 5.1). We note that the correspondence between the isomorphism classes (i.e., the objects of the categories) are usually found in the literature; we need the correspondence between the morphisms and of some isogenies. In Section 5.2.2, we consider the case with level structures. Section 5.2.3 contains the main statements (the isomorphism (5.4) and Proposition 5.4) to be used in Lemmas 7.1 and 7.2.
Drinfeld modules.
5.1.1. We recall the definition of a Drinfeld module. Let S be a scheme over Spec A. Let d be a positive integer. A Drinfeld module of rank d over S is a scheme E of A-modules over S satisfying the following three conditions.
(1) Zariski locally on S, the scheme E is isomorphic to additive group scheme G a as a commutative group scheme. (2) If we denote the A-action on E by ϕ : A → End S-group (E), then, for every a ∈ A\{0}, the a-action ϕ(a) : E → E on E is finite, locally free of constant degree |a|
The A-action on Lie E induced by ϕ coincides with the A-action on Lie E which comes from the structure homomorphism A → Γ(S, O S ). 
provides F E0 (E) with a structure of a left O-module. Let E be another supersingular Drinfeld module of rank two over Spec κ(℘) and let f : E → E be a morphism of schemes of A-modules over Spec κ(℘). Then the map F E0 (f ) :
given by the composition with f is a homomorphism of left O-modules.
For a scheme G of A-modules over Spec κ(℘), we denote by G(κ(℘)) the Amodule of scheme theoretic sections of G → Spec κ(℘). We let M 0 denote the torsion A-module E 0 (κ(℘)) equipped with a canonical left O-module structure. 
Remark 5.2. The essential part of this proposition is a consequence of the results in §2 of [Dr2, . Let us remark that the description using left ideals is an analogue of Deuring's result for elliptic curves and is adapted from [Gek3] .
Proof. First we show that for any supersingular Drinfeld module E of rank 2 over Spec κ (℘) Let C denote the full subcategory of the category (2) whose objects are the non-zero left ideals of O. We note that the canonical inclusion functor from C to the category (2) gives an equivalence of categories. We construct a contravariant functor G from C to the category (1) which gives a quasi-inverse to the functor F.
In [Gek3, 3.7. Lemma, p. 193 
], Gekeler constructed, for any non-zero left Oideal A ⊂ O, a supersingular Drinfeld module G(A) over Spec κ(℘). Let us recall the construction of G(A).
Let τ denote the endomorphism of the group scheme G a over Spec κ(℘) which induces, for any scheme S over Spec κ(℘), the q-power endomorphism of the ring G a (S) = Γ(S, O S ), where q is as in Section 4.1. For x ∈ κ(℘), we also denote by x the endomorphism of G a over Spec κ(℘) which induces, for any scheme S over Spec κ(℘), the endomorphism of the additive group G a (S) = Γ(S, O S ) supplied by the multiplication by x. We fix an isomorphism E 0 ∼ = G a as group schemes over Spec κ (℘) . By abuse of notation, we denote by τ , x the endomorphisms of E 0 as a group scheme over Spec κ(℘) corresponding to the endomorphisms τ , x, respectively. Let R be the subring of the ring of endomorphisms of E 0 as a group scheme over Spec κ(℘), which is generated by τ and by all x ∈ κ(℘). Then R is a non-commutative polynomial algebra over κ(℘) in one variable τ . The ring R contains no zero divisor and any left ideal of R is generated by one element. Note that the ring O = End A-mod/κ(℘) (E 0 ) is a subring of R. For a left ideal A ⊂ O, let u A ∈ R denote the unique monic polynomial in τ satisfying RA = Ru A . The structure of a scheme of A-modules over Spec κ(℘) on E 0 gives a ring homomorphism ι 0 : A → R, and O equals the commutant of
defines a Drinfeld module G(A) of rank 2 over Spec κ(℘).
Let A, A ⊂ O be two left ideals, and let f : A → A be a homomorphism of left
O-modules. We construct a morphism G(f ) : G(A ) → G(A) of Drinfeld modules over Spec κ(℘). There exists a unique element b ∈ B such that the diagram
where the horizontal maps are the canonical inclusions and the right vertical map is supplied by the right multiplication by b, is commutative. Since the endomorphism R ⊗ ι0,A k → R ⊗ ι0,A k supplied by the right multiplication by b sends an element in RA to an element in RA , it induces a homomorphism f R : RA → RA of left R-modules. By construction, the homomorphism f R commutes with the right multiplication by any element in ι 0 (A). Recall that RA = Ru A and RA = Ru A . Let r f ∈ R be the unique element satisfying f R (u A ) = r f u A . Then for any a ∈ A we have
Hence we have r f ι A (a) = ι A (a)r f for any a ∈ A. Therefore, the element r f ∈ R gives a homomorphism G
(f ) : G(A ) → G(A) of Drinfeld modules over Spec κ(℘). If A ⊂ O is another left ideal and if f : A → A is a homomorphism of left O-modules, then it is easily checked that
Hence G is a contravariant functor from the category C to the category (1). By [Gek3, 4.3. Theorem, p. 196] , the functor G is essentially surjective. 
We show that the composition F • G is naturally isomorphic to the canonical inclusion functor from C to the category (2). Let A ⊂ O be a left ideal. The image of the injective homomorphism F • G(A) → F • G(O) = F(E
gives a functorial isomorphism from F • G to the canonical inclusion functor from C to the category (2).
Therefore the functor F is essentially surjective and for any two supersingular Drinfeld modules E, E of rank two over Spec κ(℘), the map
is surjective. Since both the source and the target of (5.1) are locally free Amodules of rank 4, the map (5.1) is an isomorphism. Hence F gives an equivalence of categories. Let ϕ : E 1 → E 2 be a prime-to-℘ isogeny of supersingular Drinfeld modules of rank 2 over Spec κ(℘). Let X denote the kernel of ϕ. The exact sequence
Since ϕ is a prime-to-℘ isogeny, we have an isomorphism 
of left O-modules for i = 1, 2, where L runs over the finite subfields of κ(℘) containing L. By [Yu, EXAMPLE 0, , the right hand side of (5.2) is isomorphic to Hom 
For a ring L, let Mat
where the isomorphism in the middle is the one induced by the fixed isomorphism ξ, induces an isomorphism η : O ∼ = Mat 2 ( A ). Let E be a supersingular Drinfeld module of rank two over Spec κ(℘). Let I ⊂ A be a non-zero ideal which is prime to ℘. To each level I structure ϕ : (
which is defined as the composite of the following four maps
• the canonical map
• the restriction map Hom
• the isomorphism
• the inverse of the isomorphism
of left O-modules which sends 1 ∈ O/IO to the restriction of the fixed isomorphism ξ to the submodule (
Then, as a consequence of the anti-equivalence in Proposition 5.1, we have the following.
Corollary 5.3. Let E be a supersingular Drinfeld module of rank two over Spec κ(℘).
Let I ⊂ A be a non-zero ideal which is prime to ℘. 
We set
where the injection on the left is the canonical inclusion and the isomorphism in the middle is the homomorphism supplied by the right multiplication by x, gives a surjection 
By Proposition 5.1 and Corollary 5.3, the map which sends x ∈ (B ⊗ k A) × to the supersingular Drinfeld module E x of rank two over Spec κ(℘) with a Drinfeld level I structure ϕ x gives a bijection (depending on E 0 and ξ) between the set Σ I,℘ of the isomorphism classes of supersingular Drinfeld modules of rank two over Spec κ(℘) with a Drinfeld level I structure and the double coset
Let Σ lim,℘ denote the profinite set lim ← −I Σ I,℘ where I runs over the non-zero ideals I ⊂ A such that Spec (A/I) contains two or more closed points and that I is prime to ℘. Passing to the projective limit we have an isomorphism
, where I runs over the non-zero ideals I ⊂ A (we note that this projective limit exists in the category of schemes over Spec A since, when Spec (A/I) contains two or more closed points, every M d I is an affine scheme). We restrict our attention to the case where d = 2; we have a continuous right action of the group GL 2 (A ∞ ) on the set Σ lim,℘ . We let A ∞,℘ denote the prime-to-℘-part of A ∞ . In this paper, we often restrict our attention to the subgroup GL 2 (A ∞,℘ ) ⊂ GL 2 (A ∞ ). Recall that in Section 5.2.2 we have obtained an isomorphism η : O⊗ A A ∼ = Mat 2 ( A ), where A = ℘ =∞,℘ A ℘ is the prime-to-℘-part of A, from the fixed isomorphism ξ. This induces an isomor-
Proposition 5.4. The action of GL 2 (A ∞,℘ ) on the left hand side of (5.4) coincides with the action of (B⊗
Proof. This follows immediately from the definition of the action of the group GL 2 (A ∞,℘ ) on lim ← −I M I and Lemma 5.5 below. 
− −−−−− → O/IO is equal to the image of the map O/IO → O/IO supplied by the right multiplication by η I (g). (2) Let the notation be as in (1). Let ϕ : (I
be the unique level I -structure on E satisfying the following property: if a
then ϕ (ga) is equal to the image of ϕ(a) under the map E[I] → E [I] induced by f . Then the map Φ E0,ξ (ϕ ) : F E0 (E ) → O/I O is characterized by the following property: if b ∈ F E0 (E ) and if we take an element c ∈ O/IO such that
(Φ E0,ξ (ϕ))(F E0 (f )(b)) = cη I (g), then (Φ E0,ξ (ϕ))(b
) is equal to the image of c under the natural projection O/IO → O/I O.

Proof. Let G denote the image of E[I] ⊂ E under the isogeny f : E → E in the category of schemes of A-modules over Spec κ(℘). Then G contains E [I ] and the isogeny f induces an isomorphism f
where the maps are defined as follows:
• The maps (1) and (4) are the isomorphisms induced by ϕ.
• The map (2) (resp. (3)) is the injective homomorphism induced by the canonical surjection
• The map (5) (resp. (6)) is the isomorphism induced by the isomorphism f I (resp. the isomorphism (
supplied by the left multiplication by g).
• The map (7) (resp. (8)) is the homomorphism induced by the inclusion
• The map (9) 
• The left vertical map at the top is the inclusion.
• The left vertical map in the middle is the map supplied by the right multiplication by η I (g). • The horizontal map at the top is the isomorphism (5.3).
• The horizontal map in the middle is the isomorphism induced by the isomorphism (5.3).
• The horizontal map at the bottom is the isomorphism (5.3) with I replaced by I .
Hence the claims follow from the definition of the map Φ E0,ξ (ϕ).
Bad reduction of Drinfeld modular curves
The results in this section (to be used in Section 7) are Lemmas 6.4 and 6.5. The reduction modulo ℘ of the Drinfeld modular curve of level I℘ n is described. This can be regarded as the Drinfeld modular analogue of p.427, Theorem 13.7.6 ]. The method is classical. We use the Serre-Tate theory and exotic Igusa curves. The picture of the bad reduction is the same as in p.395] .
In Section 6.1, we give a description of the Drinfeld modular curve at a good prime using the determinant morphism from Section 4.4. Lemma 6.1 says that M The local study of the moduli using Serre-Tate theory is due to Drinfeld [Dr1] . We give the details in Sections 6.2.1 and 6.2.2. In Section 6.2.3, we express the set of connected components and of cusps of the reduction modulo ℘ as a coset space. The modular curves considered in Section 6.3 are the analogues of the exotic Igusa curves in the elliptic modular case p.385] . The main results of this section (Lemmas 6.4 and 6.5) are proved in Section 6.3 and 6.4.
We mention that the description of deformation spaces in the case of elliptic D-sheaves is found in [Bo] . He treats the higher dimensional cases as well.
6.1. Throughout this section we will fix a non-zero prime ideal ℘ ⊂ A. We denote by A ℘ the ℘-adic completion of A. Let κ(℘) denote the residue field at ℘ of A. We fix an algebraic closure κ(℘) of κ(℘).
Let I ⊂ A be a non-zero ideal such that Spec (A/I) contains two or more closed
be the determinant morphism on M 2 I (defined in Section 4.4). Let us consider the following cartesian diagram:
where the morphism at the bottom is the canonical closed immersion. 
). We can then apply [EGAIII1, Corollaire (4.3.12), p. 134 ] to obtain the claim (2).
Local description of M
I/κ(℘)
. 
given by the power series aX, and the action of π is given by the power series f 1 (X) = πX + X q℘ . We put
℘ denote the completion of the strict henselization of A ℘ . Then it can be checked easily that the formal
proof of Proposition 4.3, p. 573]). Let us note that the reduction modulo π of D 1,n is isomorphic to κ(℘)[[x]]/(x
Let I ⊂ A be a non-zero ideal, which is prime to ℘, such that Spec (A/I) contains two or more closed points. We set I n = I℘ n . Let P n denote the set of A-submodules
(κ(℘)) be a κ(℘)-rational point which corresponds to an ordinary Drinfeld module E z over κ(℘). That is, if we regard z as a morphism
, then E z is the pullback by z of the universal Drinfeld module
be the fiber product of z and the canonical morphism M
. The following descrip-
Universal deformation space of formal A ℘ -modules over κ(℘)
with a Drinfeld level structure: the height two case. We define a formal A ℘ -module F 2 over the ring A ℘ [[t] ] of formal power series as follows. As a formal group, F 2 = G a . The action of a ∈ κ(℘) ⊂ A ℘ on F 2 is given by the power series aX, and the action of π is given by the power series f 2 (X) = πX + tX 
The following description of the universal deformation ring D 2,n of F 2 ⊗ κ(℘) κ(℘) of level n is due to Drinfeld [Dr1, proof of Proposition 4.3, p. 573 ]. For n = 1, it is given by
For r ≥ 0 let g 2,r = f 2 • · · · • f 2 be the r-th iteration of f 2 . Then for n ≥ 1 the ring D 2,n is isomorphic to
(κ(℘)) be a κ(℘)-rational point which corresponds to a supersingular Drinfeld module E z over κ(℘). That is, if we regard z as a morphism
, then E z is the pullback by z of the universal Drinfeld mod-
. The following description of
is canonically isomorphic to Spf (D 2,n /(π)).
6.2.3.
Let I ⊂ A be a non-zero ideal, which is prime to ℘, such that Spec (A/I) contains two or more closed points. A closed point in M
is called ordinary (resp. supersingular) if the corresponding Drinfeld module is ordinary (resp. supersingular). We denote by Σ I,℘ the set of supersingular points of M 2
I/κ(℘)
. Let
. There is a canonical map Σ I,℘ → S I,℘ sending a point to the connected component to which it belongs.
We fix an algebraic closure k ∞ of k ∞ . For an integer n ≥ 0, let Cusp I,℘ n denote the set of cusps of M
, that is, the set of the closed points of the complement of M 2 I℘ n /k ∞ in its smooth compactification. Let S lim,℘ (resp. Cusp lim,℘ n ) denote the profinite set lim ← −I S I,℘ , (resp. lim ← −I Cusp I,℘ n ) where I runs over the non-zero ideals I ⊂ A such that such that Spec (A/I) contains two or more closed points and that I is prime to ℘. There is a canonical morphism Σ lim,℘ → S lim,℘ of profinite sets.
The right action the group GL d (A ∞ ) on the projective limit lim
, where I runs over the non-zero ideals I ⊂ A gives a continuous right action of the group GL 2 (A ∞ ) on the set S lim,℘ , and the canonical morphism Σ lim,℘ → S lim,℘ described in the previous paragraph is GL 2 (A ∞,℘ )-equivariant.
Lemma 6.3. Let T ⊂ GL 2 (resp. N ⊂ GL 2 ) denote the diagonal torus (resp. the subgroup of upper triangular unipotent matrices) of GL 2 .
(1) There are canonical isomorphisms
(2) There are canonical isomorphisms
(Recall the definition of K * from Section 4.3.2.)
Proof. The set of cusps Cusp I,℘ n is isomorphic to the double coset
The claim for the cusps follows since N (k) is dense in N (A ∞ ). We prove the claim for S I,℘ . By Lemma 6.1, the set S I,℘ is canonically isomorphic to the set of connected components of M 1 I/κ (℘) . Since M 1 I × Spec A U I is finiteétale over U I , it is also isomorphic to the set of connected components of
an , it is also isomorphic to the double coset
This proves (1). Taking the projective limit, we have (2).
6.3.
Fix an integer n ≥ 1. For a non-zero ideal I ⊂ A such that Spec (A/I) contains two or more closed points and that I is prime to ℘, we put I n = I℘ n . Let us describe the reduction at ℘ of the moduli scheme M 2 In . For Q ∈ P n (defined in Section 6.2.1), we let M
In/κ(℘) denote the closed subscheme which classifies the Drinfeld modules of rank two with a Drinfeld level I n structure φ such that Q ⊂ Ker φ. This is an analogue of the Igusa curve. Proof. We will prove the following four statements for every closed point
at x is non-empty and is the union of the
is the disjoint union of the
is totally ramified at x, whose ramification index does not depend on the choice of x. It is clear that the assertions (1), (2) and (3) . Let E → x denote the Drinfeld module of rank two over x corresponding to the geometric point x. Then the ℘ n -torsion subgroup of the A-module E(x) is a free A/℘ n -module of rank ≤ 1. Hence for any A-module
, its kernel contains a submodule isomorphic to A/℘ n . We regard this as an element Q ∈ P n . This implies (1) .
The group GL 2 (A/℘ n ) acts both on P n and on
. Hence it suffices to show that (3) and (4) hold for Q = Q 0 , where Q 0 is the second direct summand ℘ −n /A of (℘ −n /A) ⊕2 . It follows from the description in Section 6.2.1 that the completion of the local
at an ordinary point equals
This proves (2) .
The claim (3) for an ordinary point z immediately follows from the argument in the proof of (2) . Suppose that z is a supersingular point. It follows from the description in Section 6.2.2 that the coordinate ring of the completion of M 2
In/κ(℘),Q0
along the fiber of z equals
From this description, we easily see that the canonical homomorphism κ(℘) [[y 
is smooth over Spec κ (℘) in a neighborhood of M 2 In/κ(℘), Q0,z , and
is totally ramified at z. This proves (3) .
Let z be a supersingular point. Then, using the notations in the proof of (3) , the ring homomorphism from the completion of the local ring of M along the fiber of z is the homomorphism
This homomorphism is totally ramified and its ramification index is independent of the choice of z. This proves (4) .
6.4.
Fix a non-zero ideal I ⊂ A, which is prime to ℘, such that Spec (A/I) contains two or more closed points. Let n ≥ 0 be an integer. We write I n = I℘ n . Let us
In constructed by Drinfeld [Dr1, §9, p. 585] .
In/κ(℘),Q is a projective smooth curve over κ(℘).
(2) For Q ∈ P n with Q = Q , the schemes M Proof. We note that, to prove (1), it suffices to show that M 
Integrality
The main result of this section is Corollary 7.4. We use this in the form Proposition 7.6 in the proof of Proposition 9.1. This is the only result to be used in other sections.
We give in this section the Drinfeld modular analogue of the result of Beilinson on integrality in the form presented by Section 7, . Let us briefly recall (a part of) their result. Let N ≥ 1 be an integer, which we assume to be divisible by at least two distinct primes. In his work on ; the crucial ingredient is the Drinfeld-Manin theorem on the finiteness of the cuspidal divisor class group.) to obtain elements in K 2 (X(N )) Q . The integrality of elements in K 2 (X(N )) Q means that they lie in the kernel of the boundary map
Q where the subscript p means the reduction modulo p of the regular model over Z.
As the G 1 (or equivalently K 1 ) of a projective smooth curve over a finite field is torsion (see Lemma 7.5), we only need to consider those primes p dividing the level N . At those primes p dividing the level N , one requires the study of the reduction of modular curves (we have presented the Drinfeld modular analogue in Section 6), and some facts from the theory of automorphic forms.
In Section 7.1, we give a basic result (Lemma 7.1), which is an application of the results of previous sections. In Section 7.2, we give the analogue of [Sc-Sc]***. In Section 7.3, we put the result of this section in the form to be used in later section. This requires some easy computation of the rational G-group of a curve over a finite field and some diagram chasing.
Let I A be a non-zero ideal such that Spec (A/I) contains two or more closed points. For a scheme X, we let O(X) = H 0 (X, O X ). 
where the group GL 2 (A ℘,∞ ) acts on the left hand side via the isomorphism (
× -equivariant isomorphism α of sets, where the map nrd is the map induced by the reduced norm B → k on B. This shows that the image of γ lim is equal to the C-vector space of locally constant C valued functions f on the set
× ℘ under the map nrd. Observe that the reduced norm induces an isomorphism
Hence an automorphic representation of (B ⊗ k A) × is not one dimensional if and only if it occurs in the cokernel of the pullback homomorphism by the reduced norm
Therefore the claim follows from the following result which is stated in [Ja-La, Section 14, p. 470] and is worked out by Theorem 8.3, p. 245] : for any automorphic representation π = ⊗ ℘ π ℘ (here ℘ runs over the (possibly the infinity) places of k) of (B ⊗ k A)
× which is not one dimensional, its
Recall from Lemma 6.4 that the set of irreducible components of M 2
In/κ(℘) is isomorphic to P n where n ≥ 1. Let Q ∈ P n .
Let M
2,ord
In/κ(℘),Q denote the ordinary locus of M In what follows, we consider the two dimensional scheme
In/k℘ . The localization sequence induces a homomorphism
Here the last isomorphism follows from Corollary 4.3 a), p. 95] in view of [Mi, .
7.2.1. Take a prime element π ∈ A ℘ . Let us consider the composite
In/κ(℘),Q , has the same order of pole or zero at each supersingular point.
Proof. Using Lemma 6.4(4), we identify the set of supersingular points (resp. connected components) of M 
Consider the composite with the quotient map, and extend the scalars:
We prove that this map is zero. We write the above map as the composite
where the first map is µ In,Q followed by the extension of scalars. By Lemma 4.1(2), M
2
In/k is a smooth curve over k, and it was shown in the proof of Lemma 6.1 that it is connected. Let k(I n ) denote its field of constants. Then it can be checked easily that the first map of (7.1) factors through the quotient O(M
is commutative. We regard the set of ideals J's as above as a directed set by the inclusion of ideals. Passing to the inductive limit (of row in the diagram above) with respect to J (transition maps are the vertical arrows in the diagram, which is a pullback for each term) we obtain a homomorphism 
from which we see that Image µ lim,Q ⊗ Z C is isomorphic to a subquotient of the vector space C(Cusp lim,℘ n , C). We prove a lemma, which is a consequence of Lemma 6.3. Lemma 6.5 together with Lemma 7.2 implies the following corollary :
In/k ) be an element which lies in both the image of the symbol map
In/k ) and the kernel of the boundary map
× is of finite order.
Proof. The argument here follows that given in [Sc-Sc, Section 7.3, p. 300].
In/k ) × for some positive integer N . We fix Q ∈ P n . Then the special fiber of M 
, we only need to consider the case N = 1, a 11 = 0 and a 21 = 1.
From Lemma 7.2, we see that the restriction of ∂ In,Q (x) to a connected component has the same number of pole of zero at each supersingular point. From the assumption that x lies in the kernel of the boundary map together with Lemma 6.5, it follows that ∂ In,Q (x) has no zero or pole at the cusps. Hence ∂ In,Q (x) on each connected component is a constant function, so that it is of finite order since κ(℘) is finite.
7.3.
We present the result of Sections 7.1 and 7.2 in the form to be used in Proposition 9.1. The proof only requires some diagram chasing. We begin with a lemma.
Lemma 7.5. Let Z be a projective smooth curve over a finite field
Proof. We have a localization sequence
where z runs over all closed points of Z, and F(Z) is the function field of Z. Since κ(z) is finite, G 1 (κ(z)) is torsion. It is known that G 1 (F(Z)) = F(Z) × and the map (1) is given by the order of the function f ∈ F(Z) × at each z. Since Z is projective, the kernel of the map (1) must be torsion. This proves the claim. 
Proof. Suppose ℘ is prime to I. Then M 2 I/κ(℘) is a smooth projective curve by Lemma 4.1(2) and the proof of Lemma 6.5. Hence ∂ ℘Q (x) = 0 since the target space is zero by Lemma 7.5.
Suppose ℘ divides I. Consider the following diagram:
Here the map (1) is the symbol map, the map (2) (5) (6) and (7) are restriction maps (pullback by an open immersion), the map (4) is the boundary map in the localization sequence, and the map (3) and (3) are base change maps. We use ∂ ℘Q , by abuse, for the boundary maps. Note that the diagram is commutative.
Define I and n by I = I ℘ n where I is prime to ℘. Then the composite (7)•∂ ℘Q equals Q ∂ I n ,Q where ∂ I n ,Q is as defined above.
The map (6) (resp. (7)) is injective since the kernel is the image of the pushforward from p G 1 (p) Q where p runs over the cusps (resp. supersingular points).
Thus to prove the proposition, it suffices to show that the image of x ∈ K 2 (M 2 I/k ) Q by the composite (7)∂ ℘Q (3) (2) is zero when (2)(x) lies in the image of (1) and the kernel of (4). This is exactly the claim of Corollary 7.4. This finishes the proof.
Regulator
In this section, we reproduce the results of our other paper ([Ko-Ya]) in the form to be used in this article. Let us briefly comment on the contents of [Ko-Ya] . In the paper [Ko-Ya] we consider the rational d-th K-group of the moduli M d I/k over k of Drinfeld modular variety of rank d level I. We construct a map called regulator to the space of (Q-valued) automorphic forms (with certain conditions at infinity) and prove the surjectivity. The case of rank two, in a more precise form, is quoted below as Lemma 8.1. The contents of Sections 7 and 9 (especially Proposition 9.1) may of rigid analytic spaces.
There is the specialization map: sp : X → BT or the reduction map [DeS, Part II, 6 
where the first map is the pullback map induced by the canonical ring homomorphism above, the second is the boundary map in the localization sequence of the pair (Spec B e , Spec B e /(π ∞ )) (π ∞ is a uniformizer of k ∞ ). Let p denote the intersection of the two irreducible components of Y e . We have
where the first map is the restriction map and the second map is the boundary map in the localization sequence.
to be the image of x under the composition of the maps above to G 0 (p) ∼ = Z. 
On the compactification
The aim of this section is to prove Proposition 9.1. This is the only result to be used in other sections, and will be used only in Section 11.1.
Lemma 8.1 says that there are certain nontrivial elements in the K 2 of the (open) Drinfeld modular curves. In this section, we construct elements in the K 2 of the compactifcation of the Drinfeld modular curves, starting from those elements, without modifying the property (namely the surjectivity of certain homomorphism) at the prime ∞.
The details of the procedure in the case of the moduli of elliptic curves are given in [De-Wi] . The key ingredient there is the Drinfeld-Manin theorem on the finiteness of the cuspidal divisor group of Drinfeld modular curves. Using its Drinfeld modular analogue proved by Gekeler ([Gek1] ), we give the details for the Drinfeld modular case in this section.
In Section 9.1, we give the statement of the main result of this section. The result of Section 9.2 has a rather direct analogue in the elliptic modular case. Lemma 9.4 of Section 9.3 requires some computation regarding K-groups. The procedures in the proof of Lemma 9.4 would be much clearer if we had K-theory for rigid analytic spaces. As we do not, we do some diagram chasing.
9.1. For each prime ℘ of k, the homomorphism Proof. The case ℘ = ∞ follows from Proposition 7.6 using Proposition 3.1. The rest of this section is devoted to the proof of the case ℘ = ∞. f (e)h(s(e)).
Both quantities on the right hand side are zero by the harmonicity of f . This finishes the proof.
Let the notations be as above. [Le, p.82, Proposition 3.5] ). We also recall that M 1 I/k is the spectrum of a field (see Lemma 4.2). Consider the exact sequence 
− −−− → K 2 (Frac(B e ))
where the map (1) is the map induced by v γ,e ; the maps (2) (3) (4) are those induced by the canonical homomorphisms of rings; the top ∂ is as in (8.1); the bottom ∂ is the norm map of Milnor K-theory with respect to the valuation given by the uniformizer of k ∞ ; the vertical map (5) is induced by the pullback map to the generic points of the irreducible components. We note that the homomorphism (5) is injective since Y e is a normal crossing curve over a finite field. Hence the kernel of reg I contains the kernel of the composite For an abelian group M , let M ∧ = (lim ← −n M/l n ) ⊗ Z Q. The following diagram is commutative:
Here the vertical maps are the canonical maps; the map at the top is the map in the diagram above; the map at the bottom is the map induced by the map at the top.
Since L e is the product of two copies of the field of rational functions of one variable over a finite field, G 1 (L e )/G 1 (L e ) tors is a free abelian group. Hence the map (1) is injective. Therefore, the kernel of reg I contains the kernel of the composite
We note that K is the product of a finite number of fields. By the theorem of (11.5) , Theorem, p. 328]), the symbol map
). The following diagram, where the maps (1) and (3) are those induced by the canonical inclusions of rings, the map (2) is the canonical map, and the map (4) is the Lemma 10.1 describes the map which is induced by the parametrization on thé etale cohomology group of our interest. The surjectivity in question on the cohomology reduces to the surjectivity of the morphism of the Jacobians, which is immediate since the morphism is non-constant and the target is an elliptic curve.
10.1.
Let E be an elliptic curve over a global field k of positive characteristic, and let C be the projective smooth curve over a finite field whose function field is k. We fix a prime ∞ of k at which E has split multiplicative reduction. Let A = H 0 (C \ {∞}, O C ). We use the notations in Section 4 and Section 5. We also fix a separable closure k ∞ of k ∞ .
Let I A be a non-zero ideal such that Spec (A/I) contains two or more closed points. For an A-algebra L, we let M
